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Section 7.5 10. A =

(
5 −1
3 1

)
, x(0) =

[
2
−1

]
Solution:

|A− λI| =
∣∣∣∣∣ 5− λ −1

3 1− λ

∣∣∣∣∣ = (λ−5)(λ−1)+3 = λ2−6λ+8 = 0→ λ1 = 2, λ2 = 4,

For λ1 = 2 [
3 −1
3 −31

] [
x1
x2

]
= 0 =⇒ 3x1 − x2 = 0.

The eigenvector is ξ1 =

[
1
3

]
.

For λ1 = 4 [
1 −1
−1 1

] [
x1
x2

]
= 0 =⇒ x1 − x2 = 0.

The eigenvector is ξ1 =

[
1
1

]
.

The general solution is X = C1

[
1
3

]
e2t + C2

[
1
1

]
e4t

x(0) =

[
2
−1

]
=⇒ C1

[
1
3

]
+ C2

[
1
1

]
=

[
2
−1

]
=⇒ C1 + C2 = 2 3C1 + C2 = −1

=⇒
C1 = −3/2 C2 = 7/2.

The solution is X = −3/2

[
1
3

]
e2t + 7/2

[
1
1

]
e4t. When t→ +∞, x(t)→ +∞.
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Section 7.6 7. A =

(
1 −5
1 −3

)
, x(0) =

[
1
1

]
Solution:

|A− λI| =
∣∣∣∣∣ 1− λ −5

1 −3− λ

∣∣∣∣∣ = (λ+1)(λ+3)+5 = λ2+2λ+2 = 0→ λ =
−2± 2i

2
= −1±i.

For λ1 = −1 + i[
2− i −5
1 −2− i

] [
x1
x2

]
= 0 =⇒ x1 − (2 + i)x2 = 0.

The eigenvector is ξ1 =

[
2 + i
1

]
.

The general solution is

X = C1e
−t

([
2
1

]
cos t−

[
1
0

]
sin t

)
+ C2e

−t

([
2
1

]
sin t+

[
1
0

]
cos t

)

x(0) =

[
1
1

]
=⇒ C1

[
2
1

]
+ C2

[
1
0

]
=

[
1
1

]
=⇒ 2C1 + C2 = 1 C1 = 1

=⇒
C1 = 1 C2 = −1.

The solution is

X = e−t

([
2
1

]
cos t−

[
1
0

]
sin t

)
− e−t

([
2
1

]
sin t+

[
1
0

]
cos t

)
= e−t

[
cos t− 3 sin t
cos t− sin t

]
When t→ +∞, x(t)→ 0.

8. A =

(
−3 2
−1 −1

)
, x(0) =

[
1
−2

]
Solution:

|A− λI| =
∣∣∣∣∣ −3− λ 2
−1 −1− λ

∣∣∣∣∣ = (λ+3)(λ+1)+2 = λ2+4λ+5 = 0→ λ =
−4± 2i

2
= −2±i.

For λ1 = −2 + i[
−1− i 2
−1 1− i

] [
x1
x2

]
= 0 =⇒ x1 − (1− i)x2 = 0.
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The eigenvector is ξ1 =

[
1− i
1

]
.

The general solution is

X = C1e
−2t

([
1
1

]
cos t−

[
−1
0

]
sin t

)
+ C2e

−2t

([
1
1

]
sin t+

[
−1
0

]
cos t

)

x(0) =

[
1
−2

]
=⇒ C1

[
1
1

]
+ C2

[
−1
0

]
=

[
1
−2

]
=⇒ C1 − C2 = 1 C1 = −2

=⇒
C1 = −2 C2 = −3.

The solution is

X = −2e−2t

([
1
1

]
cos t−

[
−1
0

]
sin t

)
− 3e−2t

([
1
1

]
sin t+

[
−1
0

]
cos t

)

X = e−2t

[
cos t− 5 sin t
−2 cos t− 3 sin t

]
When t→ +∞, x(t)→ 0.

Section 7.81(c). A =

(
3 −4
1 −1

)
Solution:

|A− λI| =
∣∣∣∣∣ 3− λ −4

1 −1− λ

∣∣∣∣∣ = (λ−3)(λ+1)+4 = λ2−2λ+1 = 0→ λ = 1.

For λ = 1 [
2 −4
1 −2

] [
x1
x2

]
= 0 =⇒ x1 − 2x2 = 0.

The eigenvector is Γ =

[
2
1

]
.

Let Γ2 =

[
x1
x2

]
and

[
2 −4
1 −2

] [
x1
x2

]
=

[
2
1

]
=⇒ x1 = 2x2 + 1.
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Γ2 =

[
3
1

]
. The general solution is

X = C1e
t

[
2
1

]
+ C2

([
2
1

]
tet +

[
3
1

]
et
)

8(a). A =

(
3 9
−1 −3

)
x(0) =

[
2
4

]
Solution:

|A− λI| =
∣∣∣∣∣ 3− λ 9
−1 −3− λ

∣∣∣∣∣ = (λ− 3)(λ+ 3) + 9 = λ2 = 0→ λ = 0.

For λ = 0 [
3 9
−1 −3

] [
x1
x2

]
= 0 =⇒ x1 + 3x2 = 0.

The eigenvector is Γ =

[
−3
1

]
.

Let Γ2 =

[
x1
x2

]
and

[
3 9
−1 −3

] [
x1
x2

]
=

[
−3
1

]
=⇒ x1 = −3x2 − 1.

Γ2 =

[
−1
0

]
. The general solution is

X = C1

[
−3
1

]
+ C2

([
−3
1

]
t+

[
−1
0

])

x(0) =

[
2
4

]
=⇒ C1

[
−3
1

]
+ C2

[
−1
0

]
=

[
2
4

]
=⇒ −3C1 − C2 = 2 C1 = 4

=⇒
C1 = 4 C2 = −14.

The solution is

X == 4

[
−3
1

]
− 14

([
−3
1

]
t+

[
−1
0

])
=

[
2
4

]
− 14t

[
−3
1

]

4


